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Abstract 
A strengthened form of Gurevich's conjecture was proved by R.. L. 
Graham, which says that for any a > 0 and any pair of non-parallel 
lines L1 and L2, in any partition of the plane into finitely many classes, 
some class contains the vertices of a triangle which has area a and 
two sides parallel to the lines Li. In this note, using the main idea of 
Graham, we present a shorter proof of the result. 
1. In t roduct ion .  The study of the existence of monochromatic substruc- 
tures for finite colourings of the n-dimensional Euclidean space E ~ (or its 
subsets, like the set of integer lattice points), is an interesting area of Com- 
binatorics, known as Euclidean Ramsey theory. For an introduction to this 
and the main open questions in this area, one may look into [2], for instance. 
In this article, we simplify Graham's proof ([2], [1]) of a strengthened 
form of Gurevich's conjecture. More precisely, we give a shorter proof of the 
following very interesting result of Graham, one of the most interesting in 
the subject of Euclidean Ramsey theory. It should be noted that while our 
proof is shorter, we are still exploiting the. main idea of Graham. 
Theorem 1. (Graham)  For a positive integer , there is a positive integer 
T(r) such that given any r-colouring of the set of integer lattice points in E 2, 
there is always a right triangle of area T(r) such that its all three vertices 
are lattice points of the same colour. 
Remark .  We shall consider the Euclidean plane E 2 endowed with rectan- 
gular Cartesian coordinates. From the proof, we shall see that the triangle 
in Theorem 1 can be made to satisfy further constraints of having two of its 
sides parallel to  the axes. It will be easy to see that the arguments apply to 
non-rectangular case as well. By suitable scaling, the following corollary is 
easily obtained. 
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Corol lary.  For any a > 0 and any pair of non-parallel lines L1 and L2, in 
any partition of the plane into finitely many classes, some class contains the 
vertices of a triangle which has area a and two sides parallel to the lines Li. 
Notat ions .  In what follows, for positive integers k and r, W(k,  r) will be 
used to denote a positive integer such that for any r-eolouring of the set 
{1, 2 , . . . ,  W(k, r)}, there is a monochromatic arithmetic progression of k 
terms. The classical theorem of van der Waerden guarantees the existence 
of such a number W(k, r) (and hence the existence of the smallest positive 
integer with this property). 
2. P roo f  of Theorem 1. Our proof is by induction on r. 
When r -- 1, considering the triangle with vertices (0, 0), (1, 0) and (0, 2), 
we get a right triangle with two sides parallel to the axes and area 1. 
For r >_ 2, we assume that there are positive integers C~-1, Dr_ l (> 2) 
and Tr-1 such that for any ( r -  1)-colouring of the set of integer lattice points 
in the rectangle {(a, b) • 0 <_ a <_ Cr-1 - 1, 0 <_ b <_ Dr-1 - -  1}, there is a 
right triangle of area T~-I with vertices in this set and two sides parallel to 
the axes such that all its vertices have the same colour. 
Let 
Er-1 = D~-I! Tr-1, 
Wr = W(Er-l(Cr-1 H- 1),r), 
Vr = Wr! Er-1. 
Now, suppose an r-colouring of the set of integer lattice points in E 2 is given. 
Considering the points {(nTr-l, 0) : n = 1, 2, 3,. . .}, there is a monochro- 
matic set (say with colour r) 
S :  {(at +igrTr-l ,0)" 1 < i  < Er-l(Cr-1 + 1), 
such that S C {(nTr-1, 0), 1 < n < wr}. Obviously, g~ _~ w~. 
Now, consider the lattice points 
Q~j = at+ igrT~_l, Er_-~r3) , 1 < i < E~-ICr-I, 1 < j < Dr-1. 
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Case I. (One of the Qij's have colour r) If a Qij from the above collection 
have colour r, then we consider the triangle with vertices 
Qij = ar + ig~Tr-1, E~_-~3), Pi = (a, + igrT~-t, O) 
j ' , 
where the last two points belong to S. 
Now, Qij, ri and Pij are of the same colour and vertices of a right triangle 
with two sides parallel to the axes and area 
1 E~-I 2v~ 
grTr - lT  Er-19-"'-'~r j = Tr-lVr. 5 
Case II. (None of the Qij's have colour r) 
In this case, the collection of Qij's receive an (r - 1)-colouring. We 
consider the sub-collection 
E,_ I  . 2vr .'~ 
a. + 2-~-~_ ~grT._,, E~_---~),1 < i < C.-1,1 <_j <_ Dr_. 
By the induction hypothesis, considering the gaps between the points 
in this rectangular array of points, there is a right triangle with two sides 
parallel to the axes and with vertices at three Qij's of the same colour and 
area 
E~-lgr 2vr 
Tr-l " - - - -~"  Er-lgr --Tr-lVr. 
Therefore, from Case I and Case II, the result holds in the case of r- 
colouring, with 
T~ = T~-lv~, C~ = T~-tw~ and D~ - 2Vr  M - - D r _ l  ' 
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